Abstract. For a prime number p and a number field k, we first study certainétale cohomology groups for coefficients associated to a p-adic Artin representation of G k . We twist the coefficients using a modified Tate twist indexed by 1 − e, which is no longer confined to the integers but can be taken in a large open part of any finite extension E of Qp. We show that those groups are cofinitely generated, give a uniform bound on the number of cogenerators, and explicitly compute an additive Euler characteristic. Next, when k is totally real and the representation is even, we determine the relation between the behaviour of the p-adic L-function of the corresponding character at e and these cohomology groups. We relate the coranks of these groups for modified Tate twist indexed by 1 − e to the order of vanishing of the function at e, in particular obtaining that the function is meromorphic with at most a pole at e = 1. If the groups are finite, then the value of the p-adic L-function is non-zero and its p-adic absolute value is related to a multiplicative Euler characteristic. For a negative integer e (and for e = 0 in certain cases), this gives a proof of a conjecture by Coates and Lichtenbaum, and a short proof of the equivariant Tamagawa number conjecture for classical Lfunctions that do not vanish at e. For p = 2 our results involving p-adic L-functions depend on a conjecture in Iwasawa theory.
Introduction
Let k be a number field, p a prime number, E a finite extension of Q p with valuation ring O E , and η : G k → E an Artin character with dual character η ∨ , that is, the character of an Artin representation of G k = Gal(k/k). If S is a finite set of finite primes of k, m ≤ 0 an integer, and σ : E → C an embedding, then the value L S (m, σ • η ∨ , k) of the classical truncated Artin L-function is in σ(E), and if we let L (1.3)
B k (E) = {e in E with |e| p < |q k − 1|
i.e., those e in E where q e k and ψ p (g) e for g in G k converge. Then B k (E) contains O E but it can be much larger. For any O E [G k ]-module A and e in B k (E), we let A e be A with the action of G k multiplied by (ψ p ) e . Note that for an integer m, A(m) can be obtained from A m by twisting the action of G k with ω m p . Since ψ p (g) is often denoted as ψ p (g) , we think of this as a 'diamond' twist and use notation and terminology accordingly. Using this twist systematically leads to a more general result and simpler proofs: it removes the need to adjoin the 2p-th roots of unity (thus avoiding many technical complications when p = 2).
With W (E, η) = M (E, η) ⊗ Zp Q p /Z p as before, our first result Theorem 1.4 concerns the structure of thé etale cohomology groups H i (O k,S , W (E, η) 1 − e ). (We state our results forétale cohomology groups with torsion coefficients. For some reasons why we prefer these over alternatives we refer to Remark 1.5 below.) For i ≥ 3, it is well-known that this group is trivial if p = 2, and is finite and easily computed if p = 2 (see Remark 2.8), so we only consider i = 0, 1, 2. For its statement, let us call an O E -module A cofinitely generated if its Pontryagin dual A ∨ = Hom Zp (A, Q p /Z p ), on which O E acts through its action on A, is a finitely generated O E -module. In this case we define corank OE A = rank OE A ∨ . We note that then also the natural map A → (A ∨ ) ∨ is an isomorphism (see Remark 2.5). We write B η (E) for B k (E) if η does not contain the trivial character, and for B k (E) \ {1} if it does. Finally, if k is totally real then we call an Artin character η of G k even if η(c) = η(id k ) for every complex conjugation c in G k .
We first extend results on cofinite generation that already have a long history. For example, the equivalent statement for Galois cohomology of the first part of Theorem 1.4(1) below follows already by combining [29, Theorems 2.1 and 3.1] with the Corollary on page 260 of [30] . (For the relation between those cohomology groups and the groups we consider, we refer to Remark 1.5 or Remark 2.6.) However, the uniform bound across all e and E in the second part of Theorem 1.4(1) is new. Theorem 1.4. Let k be a number field, p a prime number, E a finite extension of Q p , and η : G k → E an Artin character realizable over E. Let M (E, η) be an O E -lattice for η and let W (E, η) = M (E, η)⊗ Zp Q p /Z p . Assume that S is a finite set of finite primes of k containing the primes above p as well as the finite primes at which η is ramified. Then for e in B k (E) the following hold.
(1) H i (O k,S , W (E, η) 1 − e ) for i ≥ 0 is cofinitely generated. There is a constant D = D(S, η, k) independent of e, E and the choice of M (E, η) such that each of these groups can be cogenerated by at most D elements.
(2) Let r i = r i,S (1 − e, η) = corank OE H i (O k,S , W (E, η) 1 − e ) for i = 0, 1, 2. Then r i is independent of the choice of M (E, η), and the Euler characteristic satisfies
where Σ ∞ is the set of all infinite places of k and k v the completion of k at v. This quantity is independent of e, non-positive, and is zero if and only if k is totally real and η is even. Moreover, r i is independent of S for i = 0, and also for i = 1, 2 if e = 0. (3) r 0,S (1−e, η) = 0 if e = 1, and r 0,S (0, η) equals the multiplicity of the trivial character in η. Moreover, the size of H 0 (O k,S , W (E, η) 1 − e ) is a locally constant function for e in B η (E).
and 2H 2 (O k,S , W (E, η) 1 − e ) is 2-divisible.
We mention that if H i (O k,S , W (E, η) 1 − e ) is finite for i = 0 or 1, then Proposition 2.30, Remark 2.33 and Remark 2.34 express its size and structure using cohomology groups with finite coefficients. By Theorem 1.4(2), this can happen for i = 1 only when k is totally real and η is even, in which case this group is finite for i = 0 and trivial for i = 2 by that theorem. Of independent interest is that for such k and η a short exact sequence of coefficients gives rise to a nine term exact sequence involving only H i (O k,S , ·) for i = 0, 1, 2 (see Lemma 2.26).
Remark 1.5. We formulated Theorem 1.4 (and Theorem 1.8 below) for the groups H i (O k,S , W (E, η) 1−e ) because this gives a uniform point of view for all primes and all modified Tate twists, unlike the groups H i (O k , α ! W (E, η) e ) and H i cts (O k,S , M (E, η) 1 − e ) discussed below. On the other hand, the groups lim ← −n H i c (O k , α ! (M (E, η) e /p n )) below also provide a uniform approach but they are technically more difficult to handle. For example, in the proof of Theorem 5.5 the only cohomology groups that we have to analyse in detail in our approach are of low degree, and those can be described fairly explicitly.
We refer to Remark 2.6 and the proof of Proposition 2.12 for details of the following discussion. Let k be any number field and η : G k → E any Artin character. Fix a finite set S of finite primes of k containing all the primes at which η is ramified as well as all primes of k lying above p, and let α : Spec O k,S → Spec O k be the natural inclusion. Then for an appropriate choice of lattices we have
∨ for e in B k (E) and i = 0, . . . , 3, where H i c denotes cohomology with compact support. If p = 2 and all H i (O k,S , W (E, η ∨ ω p ) 1 − e ) are finite then also (1.6)
for e in B k (E), i = 0, 1, 2, the group on the left being trivial for i ≥ 3.
Returning to the case of an arbitrary prime p, let Ω S be the maximal extension of k that is unramified outside of S and the infinite primes of k, and let G S = Gal(Ω S /k). Then H i (O k,S , W (E, η) 1 − e ) ≃ H i (G S , W (E, η) 1 − e ) where the right-hand side denotes continuous group cohomology. Finally, for continuousétale cohomology H i cts with coefficients M (E, η) 1 − e ≃ lim ← −n M (E, η) 1 − e /p n , we have a long exact sequence
where H i cts (O k,S , M (E, η) 1 − e ) ≃ lim ← −n H i (O k,S , M (E, η) 1 − e /p n ) is a finitely generated O E -module.
Hence rank OE H i cts (O k,S , M (E, η) 1 − e ) = corank OE H i (O k,S , W (E, η) 1 − e ). If H j (O k,S , W (E, η) 1 − e ) is finite for j = i and i + 1, then also H i (O k,S , W (E, η) 1 − e ) ≃ H i+1 cts (O k,S , M (E, η) 1 − e ). Our second main result Theorem 1.8 is a relation between the cohomology groups H i (O k,S , W (E, η) 1−e ) and a certain p-adic L-function L p,S (e, η, k). For such a p-adic L-function to be defined and non-trivial, we necessarily need k totally real and η even. By Theorem 1.4 (2) , this is also the only case where those cohomology groups can simultaneously be finite for i = 0, 1 and 2. For the sake of clarity we write χ for an even Artin character when k is a totally real number field, and η for an arbitrary Artin character when k is an arbitrary number field.
The conjecture of Coates and Lichtenbaum will be deduced from the purely p-adic result Theorem 1.8 for χ = η ∨ ω 1−m p and e = m, by using (1.6) and two small miracles that occur only at integers. The first is the relation between A m and A(m) for any integer m, so that we may assume
The other is the interpolation formula (1.7) for negative integers (and possibly 0). It is surely no coincidence that the exponent of ω p is the same in both miracles.
In order to state Theorem 1.8 we now discuss p-adic L-functions (see Section 3 for details). Assume k is a totally real number field, p any prime number, E a finite extension of Q p with valuation ring O E , and that χ : G k → E is an even Artin character realizable over E. If S is a finite set of finite primes of k containing the primes above p, then on B k (E) there exists a meromorphic E-valued p-adic L-function L p,S (s, χ, k), defined at all negative integers m, where it satisfies the interpolation formula
The same statement sometimes also holds when m = 0. The usual p-adic L-function L p (m, χ, k) is obtained when S consists only of the finite primes of k lying above p.
A consequence of [16, Proposition 5] is that the main conjecture of Iwasawa theory for p (i.e., the statements in Theorem 4.2 and Remark 4.3 for p) implies that L p,S (s, χ, k) is analytic on B k (E) if χ does not contain the trivial character, and meromorphic on B k (E) with at most a pole at s = 1 if it does. If p = 2 we could use this by [32, Theorems 1.2 and 1.3], but our results imply this consequence of Greenberg's stronger result when S also contains the finite primes of k at which χ is ramified, and we remove this restriction by proving a lower bound for the corank of
19. In fact, working directly with Theorem 4.2 if p = 2 or Assumption 4.4 if p = 2, i.e., working with a weaker version of the main conjecture of Iwasawa theory, we get a uniform approach for all p.
A zero of L p,S (s, χ, k) always lies in B k (E ′ ) for some finite extension E ′ of E (see Remark 3.9), so will be interpreted by Theorem 1.8. Note that B χ (E) is the expected domain for L p (s, χ, k) and L p,S (s, χ, k), as the Leopoldt conjecture implies that L p,S (s, χ, k) should not be defined at 1 if χ contains the trivial character. By Theorem 1.4(3) it is also the set for which H 0 (O k,S , W (E, χ) 1 − e ) is finite, and where Theorem 1.8(3) gives a precise correspondence between non-vanishing of the p-adic L-function and the finiteness of the cohomology groups.
We can now state our second main result.
is finite for all but finitely many e in B k (E). Moreover, the following hold, where for p = 2 we make Assumption 4.4.
; the only possible pole is at s = 1, with order at most the multiplicity of the trivial character in χ.
If this is the case, then
The assumption for p = 2 in Theorem 1.8 is fulfilled if k = Q and χ is a multiple of the trivial character (see Remark 4.5) . We also remark that part of Theorem 1.8 (for p odd, e = 1 an odd integer, and χ = ω 1−e p ) is contained in [3, Theorem 6.1] , under an assumption in Iwasawa theory since proved by Wiles. A similar partial result (for p odd, e a negative odd integer, and χ an even Artin character) is outlined in the proof of [9, Proposition 6.15] . The case p = 2 is not discussed in either paper. Theorem 1.8 would be even more complete if the upper bounds in parts (1) and (2) were sharp. The equality ν S (0, χ) = −r 0,S (0, χ) in part (2) for all k is equivalent with the Leopoldt conjecture for all k (see Remark 5.20) . Equivalently, we always have min(r 0,S (0, χ), r 2,S (0, χ)) = 0. The other equality, in part (1), we formulate as a conjecture, which is itself implied by some folklore conjectures in Iwasawa theory (see Conjecture 5.19) . Conjecture 1.9. In Theorem 1.8 (1) we have ν S (1 − e, χ) = r 2,S (1 − e, χ) − r 0,S (1 − e, χ).
In this paper we give two applications of the p-adic statements in Theorem 1.8 to classical L-functions. One of them is contained in Section 7. It consists of a short proof of the equivariant Tamagawa number conjecture at negative integers for Artin motives of the right parity over a totally real number field k with coefficients in a maximal order. For Dirichlet motives over Q with p odd, Huber and Kings proved this conjecture at all integers [17 The other application we give here, namely a proof of a generalization of the conjecture of Coates and Lichtenbaum discussed above. Let m be a negative integer, η :
, where E is a finite extension of Q p . Then k is totally real and ηω m−1 p is even. As in the paragraph containing (1.1), let S contain the finite primes of k at which η is ramified. Since the conjecture is independent of the choice of S by (the proof of) [10, Proposition 3 .4], we may assume S also contains the finite primes of k lying above p, hence all finite primes of k at which the even Artin character 
with appropriate choice of lattices (see Remark 2.6), and for i = 3 the left-hand side is trivial. Also, the left-hand side is trivial for i > 3 by Theorem II.3.1 and Proposition II.2.3(d) of [23] . By Theorem 1.8(3) it then follows that
.
Similarly, if k is totally real, η ∨ ω p even, S contains the primes lying above p, L * S (0, η ∨ , k) = 0, and (1.7) is true with m = 0 and χ = η ∨ ω p , then those equalities also hold for m = 0. If p = 2 then the first two equalities hold for m ≤ 0 under the same conditions, where for the second we make Assumption 4.4. The third equality holds for all primes p if we replace the last quotient with #H
with compact support (see Section 7). In fact, for m < 0, the resulting equality
is part of the equivariant Tamagawa number conjecture, a generalization of the conjecture of Coates and Lichtenbaum.
The paper is organized as follows. In Section 2 we prove Theorem 1.4 and discuss how the cohomology groups depend on the choice of the lattice, the field E, and on the finite set of primes S. If the cohomology groups are finite then we describe them in terms of cohomology with finite coefficients. In Section 3 we give the definition of the p-adic L-function and discuss the interpolation formula relating it to the classical L-function. In Section 4 we discuss the main conjecture of Iwasawa theory, including the case p = 2. In Section 5 we restrict ourselves to k totally real and χ even and prove Theorem 1.8 in four steps. We first prove most of it for a 1-dimensional character of order not divisible by p, then for any 1-dimensional character, followed by the case of all characters. The fourth step then strengthens this to Theorem 1.8 by varying the twist. In this section we also discuss some conjectures. In Section 6 we discuss examples based on computations by X.-F. Roblot for certain Galois extensions of Q with dihedral group G of order 8 and cyclic subgroup H of order 4. They include the existence of two (H × (1 + Z 5 )) ⋉ Z 5 -extensions of Q( √ 41) and two
2 -extension of Q respectively; see Remarks 6.3 and 6.5. Finally, in Section 7, we give the first application mentioned after Conjecture 1.9, i.e., we show how the results from the preceding sections imply certain cases of the equivariant Tamagawa number conjecture.
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Cofinite generation and additive Euler characteristics
In this section we prove Theorem 1.4. In the process, we also discuss some of the properties of the cohomology groups that we shall use in later sections. We note that the cohomology groups in the later sections have coefficients with modified Tate twist indexed by 1 − e instead of e, hence use the twist 1 − e also in this section for the sake of consistency. 
For a number field F we write 
Finally, for any finite or infinite prime v of k, we let k v denote the completion of k at v.
. This shows the coefficients W are not necessarily unique up to isomorphism for Abelian characters that are not 1-dimensional.
(3) Assume p = 2, E contains a primitive p-th root of unity ξ p , and fix e in B k (E). Let K/k be a Galois extension with G = Gal(K/k) isomorphic to the dihedral group of order 2p. Fix r and s in G with orders p and 2 respectively. Consider the two actions of G on M = O 2 E by letting r act as either
, and s as
for the first action but is trivial for the second. Therefore the coefficients W are not necessarily unique up to isomorphism for non-Abelian characters that are irreducible over Q p .
Remark 2.3. If χ : G k → E is a 1-dimensional even Artin character of order prime to p, then we shall see in the proof of Theorem 5.5 that there are distinguished polynomials
is a constant function on B k (E). This would contradict the example W 2 1 − e
Recall that in the introduction we already made the following definition to describe the structure of the cohomology groups H i (O k,S , W (E, η) 1 − e ) for i = 0, 1, 2 which, in general are not even finitely generated.
Definition 2.4. Let O be the valuation ring in a finite extension of Q p . For an O-module A we denote by A ∨ its Pontryagin dual Hom Zp (A, Q p /Z p ) on which O acts via its action on A. We say that A is cofinitely generated if A ∨ is a finitely generated O-module, and in this case we denote by corank O A the O-rank of A ∨ .
Remark 2.5. Note that Hom Zp (·, Q p /Z p ) is an exact functor on Z p -modules, hence submodules and quotients of cofinitely generated modules are cofinitely generated. In particular, if A is cofinitely generated then so is H 0 (G S , A). Moreover, if A is finitely generated or cofinitely generated, then by Pontryagin duality [25, Theorem 1.
∨ is an isomorphism because the Q p /Z p -dual of its cokernel is trivial, hence the cokernel is trivial.
Remark 2.6. Let e in B k (E). We shall mostly use theétale cohomology groups H i (O k,S , W (E, η) 1 − e ), but they are isomorphic to various other groups as we now discuss.
For m in Z, we may assume
, X) and the continuous group cohomology group H i (G S , X) for any finite Z p -module X with continuous G S -action. This isomorphism is natural, so taking direct limits we have 
, and for i = 0 this is obvious. Similarly
We now start the proof of Theorem 1.4. In the proof of Proposition 2.12 below we shall use results by Tate [29] , [30] and Jannsen [19] , although we shall use [25] as a reference instead of [29] . Proof. Since A is (co)finitely generated and G is finite it follows that each
is (co)finitely generated with the number of (co)generators needed bounded by a constant depending only on #G, i and the number of (co)generators of A. The lemma now follows immediately from the definition of
Proposition 2.12. Let k be a number field, p a prime number, E a finite extension of Q p with valuation ring O E , η : G k → E an Artin character, and e in B k (E). Assume that S contains P as well as all the finite primes of k at which η is ramified. Then the following hold.
There is some constant D = D(S, η, k) depending only on S, η and k, but not on e, E, or the choice of the lattice
Proof. Write M and W for M (E, η) and W (E, η) respectively. From the long exact sequence associated to 0 
is cofinitely generated for i ≥ 0. This proves part (1). Consider the long exact sequence associated to (2.11) with a = p, so that
Note that this isomorphism is independent of the choice of M . By [25, Theorem 8.3.20 
) is finite and so the number of its generators can be bounded by a constant that depends only on S, k and η(id k ) and not on e or E. By Lemma 2.9 the number of generators of
can be bounded by a constant that depends only on S, η, i, j and k. By the Hochschild-Serre spectral sequence and Remark 2.8 it follows that the number of generators of
can be bounded by a constant that depends only on S, η and k. This shows that there is a constant D = D(S, η, k) depending only on S, η and k such that each ′ are O E -lattices for η, then we can find an injection from M to M ′ with finite cokernel. Tensoring with Q p /Z p , we get a short exact sequence (2.14)
for all e in B k (E). (3) Consider two Artin characters η 1 , η 2 : G k → E that are realizable over E, and let M j for j = 1, 2 be corresponding torsion-free O E -lattices. Then M 1 ⊕ M 2 corresponds to the character η 1 + η 2 , and with 
′ is a finite set of primes of in k containing S. Taking M (E, ηω
gives an exact Gysin sequence (cf. the proof of VI Corollary 5.3, VI Remark 5.4(b) of [22] , and [1, Exposé I,
and an exact sequence
where F v is the residue field at v. Because Gal(F v /F v ) is topologically generated by the Frobenius Fr v , we have
and
. This group is trivial if e = 0 because all the eigenvalues of Fr v are roots of unity and Nm (v) e is a root of unity only when e = 0. Applying the snake lemma to 1 − Fr v acting on the short exact sequence
, for i = 0, 1, is trivial when e = 0, and equals dim E V (E, ηω
In Section 5 we shall use the following proposition for Conjecture 5.19. Here we let r i, 
if e = 0 and equals 0 if e = 0.
Proof. From Remark 2.13(5) we see this holds for e = 0, and that for e = 0 it is sufficient to prove part (1) . We may assume W (E, η) 1 = W (E, ηω −1 p )(1), so we only need to show that the kernel of the map (1)) is finite. We let K be a Galois extension of k such that the restriction of ηω −1 p to G K is a multiple of the trivial character, and let
p )(1)) are cofinitely generated by Theorem 1.4(1), we see from Lemma 2.9 and the spectral sequence
G has finite kernel. By our choice of K and Remark 2.13(1) this follows if
Consider the boundary map
. This is obtained by taking the direct limit of the maps
The size of the cokernel of this last map is bounded by the class number of K. Taking the direct limit over n, it follows that
We also prove the following result, which provides a lower bound for the corank of
is cofinitely generated, and its corank is independent of the choice of M (E, η). Then
where w v is a prime of k above v with decomposition group G wv . 
For any finite prime v of k and a finite Galois extension 
is cofinitely generated, and using Lemma 2.9 one sees that the same holds for 
of sheaves for theétale topology on O k,P , which gives a long exact sequence of cohomology groups. We note that
where I wv denotes the decomposition group of a prime w v in k lying above v. These groups are cofinitely generated and using (2.14) their coranks are independent of the choice of
it follows from the long exact sequence associated to (2.22 ) that H i (O k,P , α * W ) is cofinitely generated and that its corank is independent of the choice of M (E, η). Moreover, H i (O k,P , α * W ) behaves well under extending E, as well as under induction and addition of characters. Combining Brauer induction with parts (3) and (4) of Remark 2.13, one sees that it is enough to prove (2.20) for 1-dimensional characters η. With this S, if η is unramified at a prime v of k, then V (E, ηω
, so by Proposition 2.18, it is enough to prove the result for S = S min , the smallest set of primes containing the finite primes of k lying above p and the primes at which η is ramified. In this case, if v is in Z then V (E, ηω
The first term of (2.21), with i = 1 and S = S min , is finite since Gal(k v /k v ) acts non-trivially on W . On the other hand, for any finite Abelian extension K of k v , the coranks of We need the following lemmas in order to prove Theorem 1.4 (2) , and also to show that Definition 5.1 is independent of the choice of lattice. Here, for a G k -module A and a place v in Σ ∞ , we let
Lemma 2.24. Let A be a finite Abelian group with continuous G S -action and 
where ||n|| v = n if v is real and ||n|| v = n 2 if v is complex. This proves the first claim, and the second claim follows immediately. 
Proof. By [25, 8.6.10 (ii)] we have
, the size of which is, by Lemma 2.9, bounded by a constant depending only on the number of generators of A 1 and the number of real places of k. This proves part (1). For part (2), we see this way that δ is trivial if and only if
is injective for all v in Σ ∞ , and this is true if and only if
We shall now finish the proof of Theorem 1.4 by proving Propositions 2.27, 2.28 and 2.29.
Proof. If p = 2 then the result follows from Lemma 2.26(2) applied to (2.11) with a = p, so it is enough to consider the case p = 2. By the structure of cofinitely generated O E -modules we can write
is killed by multiplication by 2, so from the long exact sequence associated to (2.11) with a = 2 n we see 2B = 0, hence A = 2H 2 (O k,S , W (E, η) 1−e ). On the other hand,
where we used that W (E, η) 1 − e +,v = W (E, η) +,v since ψ p is trivial on every complex conjugation.
which is independent of e and non-positive. It is zero if and only of k is totally real and η is even. Moreover, r i,S (1 − e, η) is independent of S for i = 0, and also for i = 1, 2 if e = 0.
Proof. Note that an O E -module A is cofinitely generated as an O E -module if and only if the same holds as a Z p -module, and in this case corank Zp A = [E :
as in the proof of Proposition 2.27. For i = 0, 1, 2, let r i be an integer and X i a finite Z p -module such that
Let n > 0 be such that p n annihilates X i for i = 0, 1, 2, as well as the torsion in (
, the right-hand side of (2.25) with A = W [p n ] equals p −nd+c for some c independent of n.
On the other hand, consider the long exact sequence associated to (2.11) with a = p n . We get an isomorphism
and the two short exact sequences
Therefore the left-hand side of (2.25
for some c ′ independent of n. Hence r 0 − r 1 + r 2 = −d by Lemma 2.24, proving the displayed equality. Independence of e is then obvious. Comparing the coranks of W (E, η) and W (E, η) +,v as O E -modules it is easy to see when the right-hand side is non-positive and when it is zero. The last statement follows from Remark 2.13(5) and Proposition 2.18(1).
We next prove a result on H 0 (O k,S , W (E, η) 1 − e ). Recall from just before Theorem 1.4 that B η (E) equals B k (E) if η does not contain the trivial character, and equals B k (E) \ {1} if it does.
Proposition 2.29. Let k be a number field, E a finite extension of Q p , and η : G k → E an Artin character realizable over E. Assume that S contains P as well as all the primes at which η is ramified. Then the following hold.
(
finite and its size is a locally constant function of e. (2) The corank of H 0 (O k,S , W (E, η)) equals the multiplicity of the trivial character in η.
Proof. For part (1), let ρ : G k → GL(V ) realize η on a finite dimensional E-vector space V and let K be the fixed field of the kernel of ρ. Since M = M (E, η) is torsion-free, we have a short exact sequence
. . , g n in G k be lifts of the elements in Gal(K/k), and let g 0 in G k be a lift of a topological generator of Gal(
with ψ p as in (1.2), and H 0 (O k,S , W (E, η) 1 − e ) = ker(Φ W,e ) because the action of G k factorizes through its quotient Gal(K ∞ /k). Note that Φ V,e is injective: if e = 1 then id −ψ p (g 0 ) 1−e id is an automorphism of V (E, η), and if e = 1 and η does not contain the trivial character then it follows by considering the other components of Φ V,1 . Therefore H 0 (O k,S , W (E, η) 1 − e ) = ker(Φ W,e ) is isomorphic as O E -module with the torsion in coker(Φ M,e ), hence is finite. If we fix an isomorphism 
We have now proved all the statements of Theorem 1.4: part (1) is Proposition 2.12, part (2) follows from Remark 2.13(1) and Proposition 2.28, part (3) is Proposition 2.29 and part (4) is Proposition 2.27.
To conclude this section we describe the group structure of H i (O k,S , W (E, η) 1 − e ) for i = 0, 1 when it is finite by means of cohomology groups with finite coefficients, and discuss how this structure varies with e. By Theorem 1.4(2), for i = 1 this can only apply when k is totally real and η is even, when this group is also finite for i = 0, and, by Proposition 2.27, trivial for i = 2. Proposition 2.30. Let k be a number field, p a prime number, E a finite extension of Q p , and η : G k → E an Artin character realizable over E.
the boundary map in the long exact sequence corresponding to the short exact sequence 
as O E -modules.
Proof. Parts (1)(a) and (2)(a) are immediate from the long exact sequence associated to (2.11) with a replaced with a i . For (2)(b), we compare the long exact sequences associated to (2.31) and to (2.11) with a replaced with a 1 via the natural map between them. This gives the commutative diagram (with H i (O k,S , W (E, η) 1 − e ) abbreviated to H i (W ) and similarly for the other coefficients)
where we used (1)(a) for some vertical maps, and the result is immediate as multiplication on H 1 (W ) is the zero map by assumption.
Parts (1)(b) and (2)(c) follow from (1)(a) and (2)(b) by using that
Remark 2.33. Let notation and assumptions be as in Proposition 2.30(2)(b).
Comparing the long exact sequences associated to (2.11) for a = a 1 and a = a 0 a 1 , one sees that
is the direct sum of the image of the natural map
can be obtained as a direct summand, i.e.,
The natural map H
1−e ) and the identity map on
Remark 2.34. Let the notation and assumptions be as in Proposition 2.30.
(1) Let a = 0 be in O E but not in O × E , so that W (E, η)[a] = 0. Using Theorem 1.4(3) and the long exact sequence associated to (2.11), one sees that
is injective if and only if
for i = 0 and 1, then from parts (1)(a) and (2)(a) of Proposition 2.30 we obtain
The isomorphism in (2.32) is natural, but some isomorphism must already exist if q e k − q e ′ k is only in the intersection a 0 O E ∩ a 1 O E (as opposed to the product a 0 a 1 O E ). Namely, from the long exact sequence associated to (2.11) we find, for a = 0 in O E ,
and similarly with e replaced with e ′ . Applying this with a the powers of a uniformizer of O E , the result follows from the classification of finite O E -modules as direct sums of cyclic modules. 14 First assume that η is 1-dimensional. Fixing an embedding σ : E → C, it follows from [24, VII Corollary 9.9] that L(m, σ • η, k) for an integer m ≤ 0 is in E and that the value
p-adic L-functions
is independent of the choice of σ. Now we want to show this for η of arbitrary dimension. By what we have just proved we may assume that η does not contain the trivial character. If L(m, σ • η, k) = 0 for m ≤ 0 and some σ then the same holds for every σ because such a zero will be determined by the Γ-factors in the functional equation which in turn are determined by σ • η(id k ) and the multiplicities of the eigenvalues ±1 of the complex conjugations. We may therefore assume that L(m, σ • η, k) = 0 for every σ. Because η does not contain the trivial character, we see as just after (1.1) that this is the case if and only if k is totally real and
for every complex conjugation in G k , which is independent of σ. Then ηω m−1 p is even, so it factorizes through some Gal(K/k) with K/k totally real and finite. Using Brauer's theorem (see [28, Theorems 16 and 19] ) we can write ηω 
]). As induction of characters is compatible with applying
Since this is independent of σ, the same holds for the value in (3.2) for the current η, and this value lies in
. We also define, for arbitrary η, v a finite prime of k, and m in Z, the reciprocal Euler factor Eul * v (m, η, k). For this, let V be an Artin representation of G k over a finite extension E ′ of E with character η, D w the decomposition group in G k of a prime w lying above v, with inertia subgroup I w and Frobenius Fr w . With F v (t, η) the determinant of 1 − Fr w t we let
Clearly F v (t, η) has coefficients in O E , and is independent of the choice of V , w and Fr w . As in Notation 2.1, we let k ∞ denote the cyclotomic Z p -extension of k, γ 0 a topological generator of Gal(k ∞ /k), and let q k = ψ p ( γ 0 ) in 1 + 2pZ p , where γ 0 is a lift of γ 0 to G k . Now assume k is totally real and that χ is even and 1-dimensional. Then there exists a unique
that is analytic if χ is non-trivial and meromorphic with at most a pole of order 1 at
for all integers m ≤ 0. (For the existence and uniqueness of such functions we refer to the overview statement in [4, Theorem 2.9], and for the radius of convergence to [16, p.82] .) In particular, L p (s, χ, k) is not identically zero because χ is even, so that the right-hand side of (3.5) is non-zero for m < 0. If χ factorizes through Gal(k ∞ /k), we let h χ (T ) = χ( γ 0 )(1 + T ) − 1 where γ 0 is a lift of γ 0 to G k , and we let h χ (T ) = 1 otherwise. Then from [16, Eq. (3)] we have an identity
for s in B k if χ is not the trivial character and in B k \ {1} if it is, where π is a uniformizer of O E , m χ a non-negative integer,
If χ : G k → E is any even Artin character, with k still totally real, then we can write χ, as we did following (3.3), in terms of even 1-dimensional characters of totally real number fields (enlarging E to E ′ if necessary). This gives a meromorphic function L p (s, χ, k) on B k such that, for all m < 0 (and possibly for m = 0), L p (m, χ, k) is defined, non-zero, and (3.5) holds in E. This interpolation property shows that L p (s, χ, k) is independent of the way we write χ in terms of induced characters, hence L p (s, χ, k) is compatible with induction of characters. Using the action of Gal(Q p /E) and the p-adic Weierstraß preparation theorem
with π a uniformizer of O E , m χ an integer, P χ (T ) and Q χ (T ) relatively prime distinguished polynomials in
, then its value lies in E. Remark 3.9. Note that if G(t) is a polynomial with coefficients in a finite extension E of Q p , q k is in 1 + 2pZ p , and G(q
In order to extend (3.5) to truncated L-functions we need some more notation. We denote the image of z in Z 
Remark 3.11. Since the eigenvalues of Frobenius are roots of unity, and Nm(v) −s is only a root of unity for s = 0, Eul v (s, η, k) = 0 for s = 0. Moreover, the order of vanishing of Eul v (s, η, k) at s = 0 equals the dimension of (V Iw ) Frw=1 where V realizes η (cf. Proposition 2.18(2)).
We now return to the case where k is totally real and χ is even. If S is a finite set of primes of k containing P , then we define a meromorphic p-adic L-function L p,S on B k by putting , k) , the latter being a better notation. Finally, for an integer m < 0 (and possibly for m = 0), L p,S (s, χ, k) is defined at m, and in E we have
where we let L * S (m, χω
Remark 3.14. Suppose that k ′ /k is a finite extension of number fields and ψ : G k ′ → E an Artin character. For a finite prime v of k not in P one has Eul v (s, (Ind
, because Eul v interpolates the values of Eul * v as just after (3.10), and for those an analogous result holds. Therefore, if k ′ is totally real and χ :
is the set of primes of k ′ consisting of all the primes lying above those in S.
= n≥0 a n s n converges on B k and
. With E ′ = E(δ) for some δ algebraic over E with |δ| p = |q k − 1|
, so can be written as π
By the discussion following (3.10), the same argument can be applied to a factor Eul v (s, χω (3.12) . From (3.7) and (3.12) we see that, for s in B k ,
× , so that all the zeroes and poles here come from
given by a power series that converges on B k ) if and only if it is bounded on B k (E) for all finite extensions E of Q p .
Iwasawa theory
In this section we discuss the main conjecture of Iwasawa theory and prove some lemmas for later use. Let k be a totally real number field, p a prime number, E a finite extension of Q p , χ : G k → E an even Artin character, K the (totally real) fixed field of the kernel of χ, and G = Gal(K/k). As in Notation 2.1 we let k ∞ and K ∞ be the cyclotomic Z p -extensions of k and K respectively, γ 0 a topological generator of Γ 0 = Gal(k ∞ /k). Let L ∞ be the maximal Abelian pro-p-extension of K ∞ that is unramified outside of the primes above p and the infinite primes. Write M = Gal(L ∞ /K ∞ ) and let Gal(K ∞ /k) act on the right on M by conjugation. Now assume that
We let Γ 0 and G act on M via this isomorphism, and thus view M as a
In the remainder of this section we assume χ is 1-dimensional. Then [31, Theorem 13.31] 
]-module, where T acts on M, and G acts on O E via χ. (
In particular, these conditions are satisfied for all but finitely many u in 1 + πO. Moreover, if this is the case then
Proof. For any µ ≥ 1, we have a short exact sequence
This shows that A Γ = 0 and that
Note that the O-ranks of B Γ and B Γ both equal the number of g j with g j (u (1), (2) and (3) are equivalent. Moreover, in this case note that (Y ′ ) Γ is trivial, #C Γ = #C Γ , and therefore
Multiplicative Euler characteristics and p-adic L-functions
In this section we prove Theorem 1. We use notation as in Notation 2.1. Also, for any Artin character η of G k we let k η denote the fixed field of the kernel of the corresponding representation.
As seen in parts (2) and (3) of Remark 2.2, the size of H i (O k,S , W (E, χ) 1 − e ) for i = 0 can depend on the choice of the lattice M (E, χ). We shall see that a (modified) multiplicative Euler characteristic can be defined independent of this choice when those cohomology groups are finite for i = 0, 1 and 2. By Proposition 2.28, this can only happen when k is totally real and the character even, so it will be denoted by χ. For i = 2 the finiteness of the cohomology group then implies it is trivial, so that the sizes for i = 0 and i = 1 depend on the choice of the lattice in the same way.
Definition 5.1. Let E be a finite extension of Q p , k a totally real number field, χ : G k → E an even Artin character realizable over E, and e in B k (E). If
is finite for i = 0, 1 and 2 then it is trivial for i = 2 by Proposition 2.27, and we define
Remark 5.2. By Remark 2.8, if p = 2 then EC p,S (e, χ, k) is a (modified) Euler characteristic, but if p = 2 then it is truncated. Because every complex conjugation acts trivially,
is trivial for such i if i is even since W (E, χ) 1 − e is 2-divisible, and isomorphic with W (E, χ) [2] for i odd. 
are finite for i = 0, 1 and 2 by Remark 2.13(1), and Lemma 2.24 applied with A = X E 1 − e implies that EC p,S (e, χ, k) is the same for
1 is independent of the field E by Remark 2.13 (2) . (3) If χ j for j = 1, 2 are even Artin characters, then by Remark 2.13(3), the EC p,S (e, χ j , k) are defined if and only if EC p,S (e, χ 1 + χ 2 , k) is defined, in which case EC p,S (e, χ 1 + χ 2 , k) = EC p,S (e, χ 1 , k) · EC p,S (e, χ 2 , k).
(4) Let k ′ /k be a finite extension of totally real fields, χ ′ : G k ′ → E be an even Artin character realizable over E, and χ = Ind 
We now prove the finiteness statement in Theorem 1.8. Proof. The result for i = 0 and i ≥ 3 follows from Theorem 1.4(3) and Remark 2.8. Hence by Proposition 2.28, it is enough to consider the case i = 1.
Since χ occurs in Ind k kχ (χ| kχ ) and B k (E) ⊆ B kχ (E), parts (1), (3) and (4) of Remark 2.13 imply that it is enough to prove the result for the trivial character. We therefore assume that χ is trivial and hence W (E, χ) = E/O E . By the last statement in Proposition 2.28, we may also assume that S = P .
From the spectral sequence
is finite for j = 0, 1. Since Gal(Ω P /k ∞ ) acts trivially on E/O E 1 − e , for j = 1 this group equals the cokernel of multiplication by q 1−e k − 1 on E/O E , which is finite for e = 1. For j = 0, this group is isomorphic to Hom(M, 
its value there is non-zero, then with Assumption 4.4 if
is finite for i = 0, 1 and trivial for i = 2;
Proof. We begin by fixing some notation. We write K for k χ , G for Gal(K/k), and also view χ as a character of G. Also, for any 1-dimensional (even) Artin character χ with values in E we choose M (E, χ) to be O E with action given through multiplication by the character, for which we write M (χ), and write
We first prove the result for l = 0, so that k ′ = k, and we assume L p,S (e, χ, k) = 0. By (3.12) and Remark 5.3(5), it suffices to prove the theorem when S is the union of the set of primes of k where χ is ramified and P . Since χω
We shall consider γ 0 as a topological generator of Gal(K ∞ /K) as well via the isomorphism Gal(
We have
If χ is non-trivial then χ(g) − 1 is in O × E for any non-trivial g in G as l = 0, so W (χ) 1 − e G and (5.6) are trivial. If χ is trivial then (5.6) equals (W (χ) 1 − e ) Γ0 , which is isomorphic to the kernel of multiplication by q 1−e k − 1 on E/O E . In this case e = 1 by assumption, so (5.6) is isomorphic to O E /(q 1−e k − 1). In either case, we see from the definition of h χ in Section 3 that
p .
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We now apply Lemma 4.6 with .7), we then find, since L p,S (e, χ, k) = L p (e, χ, k),
This completes the proof of the theorem when l = 0.
We now proceed by induction on l, so that we have
where I is the set of all 1-dimensional characters ϕ over
Note that each ϕ is a power of χ, hence is even, takes values in E, and Ind 
for each i ≥ 0. By our assumptions, L p,S (e, χ ′ , k ′ ) is defined and non-zero, so by the case l = 0 the theorem is true for χ ′ and k ′ . Therefore the group in (5.12) is finite for i = 0, 1, trivial for i = 2, and
is finite for i = 0, 1, 2, hence trivial for i = 2 by Proposition 2.27. The same statement therefore holds for each summand H i (O k,S , W (ϕ) 1 − e ). From parts (3) and (4) of Remark 5.3 we obtain (5.13)
with the last equality by (5.11) and the compatibility of L p and Eul v with induction (see Remark 3.14) . Note that the p-adic L-functions involved here are of Abelian characters so cannot have a pole except possibly at 1, hence by our assumptions on e and χ ′ , L p,S (e, ϕ, k) exists and is non-zero for every ϕ. Let I 0 denote the subset of I consisting of all ϕ with order divisible by p l . If ϕ ∈ I \ I 0 then [k ϕ : k] divides p l−1 m, hence by the induction hypothesis the theorem is true for ϕ. Thus from (5.13) we obtain (5.14)
Using Remark 5.3(2) we may replace E with its Galois closure over Q p if necessary. All ϕ in I 0 are in the orbit of χ under the action of Gal(E/Q p ) since this group acts transitively on the roots of unity of order
On the other hand, σ induces an isomorphism M (χ) ≃ M (χ σ ) of sheaves for theétale topology on O k,S , so that EC p,S (e, χ σ , k) = EC p,S (e, χ, k). Taking roots of both sides in (5.14) we find |L p,S (e, χ, k)| p = EC p,S (e, χ, k). This finishes the proof of the induction step, and of the theorem.
We now extend the statements of Theorem 5.5 to arbitrary Artin characters for all but finitely many e, which is the last main ingredient needed for the proof of Theorem 1.8. (2) we make Assumption 4.4 if p = 2.
(1)
is finite for i = 0, 1 and trivial for i = 2.
(2) |L p,S (e, χ, k)| p = EC p,S (e, χ, k).
Proof. Part (1) follows from Lemma 5.4 and Proposition 2.27. For part (2) , note that we may enlarge E if we want because of Remark 5.3 (2) . Using Brauer's Theorem we can then write 
whereas Remark 3.14 implies
so that EC p,S (e, χ, k) = |L p,S (e, χ, k)| p .
We can now give the proof of Theorem 1.8. We make extensive use of a counting argument while approximating a fixed e with suitable e ′ . In particular, this method enables us to treat the finitely many e excluded in Theorem 5.15.
Proof of Theorem 1.8. The first statement is Theorem 5.15 (1) . For the remaining statements we make Assumption 4.4 if p = 2.
Let r i = r i,S (1 − e, χ) = corank OE H i (O k,S , W (E, χ) 1 − e ). By Theorem 1.4(3), r 0 (1 − e, χ) is zero if e = 1 and equals the multiplicity of the trivial character in χ otherwise. Since r 2 ≥ 0, the statements about analyticity and poles of L p,S (s, χ, k) in part (2) follow from the inequality r 2 − r 0 ≤ ν in part (1) and Remark 3.15. The claims in part (2) for L p (s, χ, k) then follow from this in turn by using Remark 3.15, (3.12), Remark 3.11, and Proposition 2.19 (note that for e = 0 we have r 0 = 0 and r 1 = r 2 by parts (2) and (3) of Theorem 1.4). It thus suffices to prove parts (1) and (3) .
For the proof of (1), let r = r 2 − r 0 . We prove the inequalities min(1 − r 0 , ν) ≤ r ≤ ν in (1) when e = 1 and χ contains the trivial character later. So let us fix e in B χ (E), hence r 0 = 0 by Theorem 1.4(3) and therefore r = r 1 = r 2 by Proposition 2.28. Let X be a finite O E -module of size c 1 such that We now assume e = 1 and χ contains the trivial character χ 0 . Note that the two sides of the inequality r(e, χ) ≤ ν(e, χ) are additive in χ, therefore it is enough to prove this for χ = χ 0 . In this case we may take E = Q p and M = Z p . Moreover, we may take S = P by Theorem 1. (gj (T )) . We therefore formulate the following (partly folklore) conjecture. Conjecture 5.19. Let k be a totally real number field, p a prime number, E a finite extension of Q p , and χ : G k → E an even Artin character realizable over E. If χ is 1-dimensional then let M (χ) = O E on which G k acts through χ. Assume that S contains the primes above p as well as the finite primes of k at which k χ /k is ramified. Let M be the Galois group of the maximal Abelian extension of (k χ ) ∞ that is unramified outside of the primes above p and infinity. Then for e in B k (E) we have the following. 
